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Regularization of the vacuum fluctuation energy in quantum electrodynamics
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It is shown that the total energy of the vacuum fluctuations of the electron-positron and
electromagnetic fields in the quantum electrodynamics can be equal to zero if the "bare"electron
charge is chosen by adequate way. The value of "bare"electron charge calculated from this condition
proves to be in a qualitative agreement with that one which was found independently from the
solution of the "physical electron"problem in [1].
PACS:12.20.Ds, 11.10.Gh
Keywords: renormalization, Dirac electron-positron vacuum, nonperturbative theory.
I. INTRODUCTION
It is no doubt at present that the quantum electrodynamics (QED) is actually the part of the
general gauge theory [2]. At the same time QED considered by itself as the isolated system remains
the most successful quantum field model that allows one to calculate the observed characteristics
of the electromagnetic processes with a unique accuracy using only two parameters - mass m and
charge e of the "physical"electron (for example, [3], [4], [5]). However, there are two "dark spots"in the
theoretical construction of QED which do not permit to consider this model as the mathematically
perfect theory [6] ( §81), [7].
One of them is referred to the renormalization procedure where the connection between
characteristics of the "bare"electron (mass m0 and charge e0) and parameters m and e is defined by
the divergent integrals. The second one is the infinite vacuum energy both of electron-positron and
electromagnetic fields which is considered as the zero point energy. In spite of this infinite vacuum
energy does not effect on the calculated amplitudes of the electrodynamical processes its reality
appeared in the Casimir effect [8] (see, however, [9]).
It was shown in series of our publications [1] , [10], [11] that it is possible to renormalize mass and
charge with finite values and connection between characteristics of the "bare"and "physical"electron
is defined by the formulas [1](h¯ = c = 1) :
α0 =
a20
α
≈ 12.47
α
≈ 1708; α0 = e
2
0
4π
; α =
e2
4π
;
m0 = m
2|a0|
Tα
≈ 9.43
α
m ≈ 1292m. (1)
Here α is the observable fine structure constant, a0, T are the constants calculated numerically
from the equations that define one-particle excitation of the electron-positron field in QED. It was
also shown that the perturbation theory on the physical value α corresponds to the strong coupling
series on the parameter α−10 .
In the present paper we calculate the ground state energy (vacuum energy) E0(α0) of the QED
Hamiltonian and show that it turns to be zero at the coupling constant α˜0( E0(α˜0) = 0). Calculated
value α˜0 ≫ 1 is in a qualitative agreement with the coupling constant (1).
2II. QED VACUUM ENERGY
Let us consider the QED Hamiltonian in the Coulomb gauge [5]:
Hˆ =
∫
d~rHˆ(~r) =
∫
d~r{ψˆ+(~r)[~α(~ˆp− e0 ~ˆA(~r)) + βm0]ψˆ(~r) +
+
∑
~kλ
ω(~k)(c+~kλc~kλ +
1
2
) +
α0
2
∫
d~r′
ρˆ(~r)ρˆ(~r′)
|~r − ~r′| };
ρˆ(~r) =
1
2
[ψˆ+(~r)ψˆ(~r)− ψˆ(~r)ψˆ+(~r)]. (2)
It is supposed here that the field operators are given in the Schro¨dinger representation, the
electromagnetic field operator and the spinor components of the electron-positron operators being
defined in the standard way [3]:
~ˆA(~r)) =
∑
~kλ
~e(λ)√
2kV
[c~kλe
i~k~r + c+~kλe
−~k~r];
ψˆν(~r, t) =
∑
s
∫
d~p
(2π)3/2
{a~psu~psνei~p~r + b+~psv−~p−sνe−i~p~r}, (3)
where V is the normalization volume.
Let us remind briefly our consideration of the one particle excitation [1]. In the zero order of the
conventional perturbation theory (PT) the one electron (1e) and one positron (1p) excitations are
defined by the following state vectors
|Φ(PT )1e >= a+~ps|0; 0; 0 >; |Φ(PT )1p >= b+~ps|0; 0; 0 >, (4)
with |Φ0 >≡ |0; 0; 0 > as the vacuum state vector.
In our approach the more complicated trial state vectors was used for one particle excitation. It
was represented by the wave packet corresponding to "physical"electron or positron:
|Φ(0)1 >=
∑
s
∫
d~q{U~qsa+~qs + V~qsb+~qs}|0; 0; 0 > . (5)
Here U~qs;V~qs are the variational parameters. For the "physical"electron with the zero total
momentum they should satisfy the additional conditions:
< Φ
(0)
1 | ~ˆP |Φ(0)1 >=
∑
s
d~q~q[|U~qs|2 + |V~qs|2] = ~P = 0;
< Φ
(0)
1 |Φ(0)1 >=
∑
s
d~q[|Uqs|2 + |Vqs|2] = 1. (6)
< Φ
(0)
1 |Qˆ|Φ(0)1 >= e0
∑
s
d~q[|Vqs|2 − |Uqs|2] = e. (7)
with e as the "physical"electron charge.
3Then we have calculated the one particle excitation energy defined as:
E1(0) ≃ E(0)1 (Uqs;Vqs)− E0 =< Φ(0)1 |Hˆ|Φ(0)1 > − < Φ0|Hˆ|Φ0 >, (8)
where the averages are calculated with the total Hamiltonian (2).
The functions Uqs;Vqs were found as the solutions of variational equations:
∂E
(0)
1 (Uqs;Vqs)
∂Uqs
=
∂E
(0)
1 (Uqs;Vqs)
∂Vqs
= 0 (9)
with the additional conditions (6) - (7).
Using the coordinate representation
Ψν(~r) =
∫
d~q
(2π)3/2
∑
s
Uqsu~qsνe
i~q~r; Ψcν(~r) =
∫
d~q
(2π)3/2
∑
s
V ∗qsv~qsνe
i~q~r, (10)
we have found
E1(0) =
∫
d~r{Ψ+(~r)[(−i~α~∇+ βm0) + 1
2
ϕ(~r)]Ψ(~r)−
−Ψ+c(~r)[(−i~α~∇+ βm0) + +1
2
e0ϕ(~r)]Ψ
c(~r);∫
d~r[Ψ+(~r)Ψ(~r) + Ψ+c(~r′)Ψc(~r′)] = 1; (11)
ϕ(~r) = α0
∫
d~r′
|~r − ~r′| [Ψ
+(~r′)Ψ(~r′)−Ψ+c(~r′)Ψc(~r′)]. (12)
Extremum of this functional for the state with orbital momentum l = 0 has led to the system of
equations in the dimensionless variables and functions:
x = rm0; E = ǫm0; e0ϕ(r) = m0φ(x);
e20
4π
= α0;
u(x)
√
m0 = rg(r); v(x)
√
m0 = rf(r); u1(x)
√
m0 = rg1(r); v1(x)
√
m0 = rf1(r). (13)
du
dx
− 1
x
u− (1− φ(x))v = 0; dv
dx
+
1
x
v − (1 + φ(x))u = 0;
du1
dx
+
1
x
u1 − (1 + φ(x))v1 = 0; dv1
dx
− 1
x
v1 − ( 1− φ(x))u1 = 0;
φ(x) = α0[
∫ ∞
x
dy
ρ(y)
y
+
1
x
∫ x
0
dyρ(y)];
ρ(x) = [u2(x) + v2(x)− u21(x)− v21(x)]. (14)
Solution of this equations exists when the parameter
a = α0
1− C
1 + C
= a0 ≈ −3.531...
∫ ∞
0
dx(u2 + v2) =
1
1 + C
;
∫ ∞
0
dx(u21 + v
2
1) =
C
1 + C
(15)
4Taking into account the connection (7) between the "bare"and "physical"charges the relation (1)
between the "bare"coupling constant α0 and the observed value of the fine structure constant α has
been found.
When the analogous calculations have been fulfilled for the state corresponding to the
"physical"electron total momentum ~P the spectrum of the one particle excitation has been found:
E1(P ) =
√
P 2 +m2; m =
m0αT
|a0| . (16)
In this paper we consider by the same way the vacuum energy E0 with the trial state vector
|Φ0 >≡ |0; 0; 0 >. The result includes three terms [5]:
1) The Dirac field zero energy:
< 0|HˆD|0 >= −2
∑
~p
√
p2 +m20 = −2
V
(2π)3
∫ √
p2 +m20d~p (17)
2) Electromagnetic field vacuum energy:
< 0|HˆE|0 >=
∑
~kλ
ω(~k)
1
2
=
V
(2π)3
∫
d~k k (18)
3) Coulomb vacuum energy:
< 0|HˆC|0 >= α0
2
∫ d~rd~r′
|~r − ~r′| < 0|ρ(~r)ρ(~r
′)|0 > (19)
It is important that there are one negative and two positive terms and all of them are equal to
infinity. From the mathematical point of view it means that we deal with indefinite limit for E0. In
order to investigate this limit let us introduce a formal regularization function for integration in the
momentum space
∫
d~p⇒
∫
d~pf(
p
L
); f(0) = 1; f(∞) = 0, (20)
with L as the regularization parameter (L→∞).
Then these terms can be written as follows
< 0|HˆD|0 >= −2 V
(2π)3
∫
d~pf(
p
L
)
√
p2 +m20 = −2
V
(2π)3
L4
∫
d~uf(u)
√
u2 +
m20
L2
, (21)
< 0|HˆE|0 >= V
(2π)3
L4
∫
d~uf(u)u. (22)
And the last term can be transformed to the momentum space:
5< 0|HˆC|0 >= 2α0
∫ ∫
d~rd~r′
∫ d~q
2π2q2
∫ ∫ d~pd~p′
(2π)6
f(
p
L
)f(
p′
L
)ei(~p+~p
′+~q)(~r−~r′) =
= 2α0V
∫ d~q
2π2q2
∫ ∫ d~pd~p′
(2π)3
f(
p
L
)f(
p′
L
)δ(~p+ ~p′ + ~q) =
= 2α0V
∫
d~q
2π2q2
∫
d~p
(2π)3
f(
p
L
)f(
|~p+ ~q|
L
) =
= 2α0V L
4
∫
d~u
2π2u2
∫
d~v
(2π)3
f(v)f(|~v + ~u|). (23)
Here ~u,~v are the dimensionless variables.
One can see that there is a possibility to turn the vacuum energy equal to zero if the "bare coupling
constant"is chosen as follows:
α0(
m0
L
) = 2π2
∫
d~uf(u)[2
√
u2 +m20/L
2 − u]∫ d~u
u2
∫
d~vf(v)f(|~v + ~u|) ≈ α˜0 +O[
m20
L2
];
L→∞ α˜0 = π2
∫
d~uf(u)u∫ d~u
u2
∫
d~vf(v)f(|~v + ~u|) ≡ I[f ]. (24)
III. CALCULATION OF α˜0.
A concrete form for the dimensionless regularization (cut-off) function with the boundary condition
(20) is still not chosen. We suggest to choose it such a way that the value α˜0 in (24) defined by the
functional I[f ] depends on this form as less as possible. One can write the general form of this
function as the series with N indefinite coefficients:
f(u) = e−u
2
N∑
l=0
Clu
l; C0 = 1. (25)
After integration over the angles the value α˜0 can be represented as follows:
∫
d~uf(u)u = 4π
∫ ∞
0
duf(u)u3 ≡ 4πJ1;∫ d~u
u2
∫
d~vf(v)f(|~v + ~u|) =
∫ d~u
(~u− ~v)2
∫
d~vf(v)f(u) =
4π2
∫ ∞
0
du
∫ ∞
0
dvuvf(v)f(u) ln
(u+ v)2
(u− v)2 ≡ 4π
2J2;
α˜0 = π
J1
J2
. (26)
Let us now define two sets of integrals: the vector set
Il =
∫ ∞
0
due−u
2
ul+3; (27)
6and the tensor set
Mk,r =
∫ ∞
0
du
∫ ∞
0
dvuve−u
2−v2ukvr ln
(u+ v)2
(u− v)2 + δ2 ; (28)
where all indexes changes as 0, 1, ...N .
Then the coupling constant should be calculated as:
α˜0 = π
I0 + A
M0,0 + 2A1 +B
A =
N∑
l 6=0
ClIl; A1 =
N∑
l 6=0
ClM0,l; B =
N∑
k 6=0
N∑
r 6=0
Mk,rCkCr. (29)
Minimal sensitivity of the calculated coupling constant from the coefficients Cl on the considered
class of functions corresponds to the conditions:
∂α˜0
∂Cl
= 0; l 6= 0,
Il(M0,0 + 2A1 +B) = 2(I0 + A)(M0,l +
∑
k 6=0
Ml,kCk). (30)
Solutions of this system of equations can be found in general form:
Cl = K
N∑
k 6=0
(M−1)l,kIk −
N∑
k 6=0
(M−1)l,kM0,k; K =
(M0,0 + 2A1 +B)
2(I0 + A)
. (31)
These solutions will be consistent if we use them in the definitions (29) of the parameters A,A1, B
A = K
∑
k 6=0
∑
l 6=0
Il(M
−1)l,kIk −
∑
k 6=0
∑
l 6=0
Il(M
−1)l,kM0,k ≡ KT − T1;
A1 = K
∑
l 6=0
∑
l 6=0
M0,l(M
−1)l,kIk −
∑
l 6=0
∑
l 6=0
M0,l(M
−1)l,kM0,k ≡ KT1 − T2;
B = K2
∑
k 6=0
∑
r 6=0
∑
l 6=0
∑
m6=0
Mk,r(M
−1)l,kIl(M
−1)r,mIm −
−2K ∑
r 6=0
∑
l 6=0
∑
m6=0
Mk,r(M
−1)l,kM0,l(M
−1)r,mIm +
+
∑
k 6=0
∑
r 6=0
∑
l 6=0
∑
m6=0
Mk,r(M
−1)l,kM0,l(M
−1)r,mM0,m = K
2T − 2KT1 + T2;
T2 =
∑
k 6=0
∑
l 6=0
M0,k(M
−1)l,kM0,l. (32)
This leads the following system of the algebraic equations:
2(A+ T1)(I0 + A)− [(M0,0 + 2A1 +B)]T = 0;
(A + T1)T1 − (A1 + T2)T = 0;
(B − T2)T − (A+ T1)2 + (A1 + T2)T = BT − (A + T1)2 + A1T = 0. (33)
7If one introduces new unknown variable (A+ T1) = x the closed equation and its solutions can be
found:
x2 + 2x(I0 − T1)− (M0,0 − T2)T = 0
x1,2 = −(I0 − T1)±
√
(I0 − T1)2 + (M0,0 − T2)T . (34)
It results in:
A = x− T1; A1 = −T2 + xT1
T
; B =
x2
T
+ T2 − xT1
T
. (35)
α˜0 = π
I0 + A
M0,0 + 2A1 +B
(36)
IV. NUMERICAL RESULTS AND DISCUSSION
It is evident that the numerical value α˜0 depends on the number N in the series (25) which defines
the dimension of the matrixes in (32). We have found numerically that for the fixed N the first root
of the equation (34) corresponds to minimal value α˜0 and the second one corresponds to maximal α˜0.
Both values become closer to each other with increasing of N . It proved that the positive solution
α˜0 > 0 could be found for N ≤ 12 and the maximal value of α˜0 has corresponded to N = 12. In this
case the following values have been calculated:
I0 = 0.5000; M0 = 0.768306; T = 29.1837; T1 = 0.500496; T2 = 0.768195;
α˜0 ≈ 239.21. (37)
One can see that the condition α˜0 ≫ 1 is in a qualitative agreement with the value α0 from (1). It
is not surprisingly that these parameters do not coincide exactly. In the present analysis the vacuum
energy was calculated for only one fermion and one boson fields referred to QED. Let us suppose
that there are additionally the set of quantum fields including N
(c)
F charge and N
(0)
F neutral fermion
fields with degeneracy g
(c)
F and g
(0)
F correspondingly. Analogous values N
(c)
B , g
(c)
B , N
(0)
B , g
(0)
B could be
defined for neutral boson fields. If the vacuum energy of all these fields are taken into account by
the same way as for QED the value α˜0 could be recalculated as follows:
α˜0 ⇒ α˜0 1 + g
(c)
F N
(c)
F + g
(0)
F N
(0)
F − 1/2(g(c)B N (c)B + g(0)B N (0)B )
1 + 1/4([g
(c)
F ]
2N
(c)
F + [g
(c)
B ]
2N
(c)
B )
. (38)
As for example, if one includes the contribution of vacuum energy from neutrino (νe) the calculated
value becomes
α˜0 ≈ 717.63, (39)
that is much closer to the value (1).
Thus, it is shown in the paper that two independent ways for definition of the "bare"coupling
constant between electromagnetic and matter fields are qualitatively agreed each other. It can be
considered as the basis for further analysis of this problem.
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